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In a recent article (Larsen, Morel, and Miller, J .Comput. Phys. 69, 283 (1987)), a theoreti-
cal method is described for assessing the accuracy of transport differencing schemes in highly
scattering media with optically thick spatial meshes. In the present article, this method is
extended to enable one to determine the accuracy of such schemes in the presence of numeri-
cally unresolved boundary layers. Numerical results are presented that demonstrate the
validity and accuracy of our analysis. © 1989 Academic Press, Inc.

1. INTRODUCTION

In the last four decades, much effort has been spent on the development and
analysis of numerical methods for discrete ordinates problems. The motivation for
this work has come largely from the nuclear power industry, for which accurate
solutions of geometrically complex neutron transport problems are required. Much
of this work is described in the recent book by Lewis and Miller [2]. With few
exceptions, the spatial differencing schemes that have been widely used produce
solutions whose errors tend to zero when the optical thickness of the spatial cells
7=ch tends to zero. Theoretical studies of these differencing schemes have focused
on optically thin cells, and error estimates of the form O(z”) for t < 1, obtained by
the estimation of truncation errors, are typical results of these studies. A represen-
tative sampling of this work is given in [3-6]. The optically thin regime is relevant
for neutron transport, where one can usually afford the computer storage necessary
to achieve spatial meshes satisfying 7 < 1.

In recent years, however, neutronics methods have been applied to electron and
thermal radiation transport problems, which are optically much thicker than
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neutron transport problems. Here computer storage limitations frequently require
the use of spatial meshes which are extremely thick by neutronics standards; typical
values of 7 for electron transport [7] are t=0(10%), and for thermal radiative
transfer [8] are = 0(10°). One may expect accuracy in such problems with
optically thick cells because away from boundary layers, the scale length over which
the solutions vary by an O(1) amount constitutes many mean free paths. In the case
of electron transport, this scale length is associated with the transport-corrected
mean free path, and in the case of photon transport, with the diffusion length.
Nevertheless, it is clear that theoretical results for 1 <1 cannot be relevant in
assessing the accuracy of transport differencing schemes for such optically thick
meshes.

In a recent article [1], a > 1 analysis for “diffusive” problems is developed, and
in this article we extend this analysis to problems containing boundary layers which
are not resolved by the spatial mesh. The traditional T < 1 analyses are based on the
estimation of truncation errors; the 7> 1 analysis in [1] and this article is instead
based on an asymptotic expansion. This expansion was first applied [9, 10] to the
following analytic transport problem. In this article, we will consider discretized
versions of this problem:

Il ; Y(x, u)+ orx) Y(x, p)
X &

=[G_T_(_x_)_wA(x):|1jl l/,(x’u')dﬂ’q—g (x)’ O<x<L, (l.1a)
& 2 —1 2

Y0, p)=f(p), O<pu<l, (1.1b)
(L, p)=g(p), —1<p<0. (1.1c)

This problem is written in standard neutronics notation, except for the scaling in
the small dimensionless parameter ¢, which is fully discussed in [1]. Thus, ¥(x, u)
is the angular flux at the point x in the “direction” u, o (x) is the scaled total cross
section, ¢ 4(x) is the scaled absorption cross section, Q(x) is a scaled source, and
¢(x) is the scalar flux. These quantities are required to be O(1) as ¢ » 0. Thus,
Eq. (1.1) is scaled in such a way that the physical total cross section ¢ 'a is large,
while the physical absorption cross section go , and the physical source eQ are small
and comparable in size. (We refer the reader to [1] for a thorough discussion,
which we cannot reproduce here, on the rationale for the scaling in Eq. (1.1a), and
for a more detailed presentation of the ideas underlying our asymptotic methodol-
ogy.) We shall assume, for simplicity, that ¢ (x), ¢ (x), and Q(x) are continuous
functions of x, so boundary layers in the above problem can occur only at the cell
edges x=0 and x=L.
As £ — 0, the solution of problem (1.1) has been shown [9, 10] to satisfy:

Yx, p)=34(x)+0(e), O<xo<x<x <L, (1.2)
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where ¢(x) satisfies the diffusion problem

d 1 d
*ama¢(x)+0A(x)¢(x)=Q(x), (1.3a)
1 1
560)=] Ww) f(u) du, (1.3b)
0
1 0
SH(L)= L W(—p) g(u) du. (1.3c)

In Eq.(1.2), x, and x, are arbitrary fixed points within the interval [0, L]; the
result (1.2) is generally not valid arbitrarily close to x=0 and x=L, due to
boundary layers of width O(¢) which may exist in the transport solution, but which
do not exist in the simpler diffusion solution. Also, in Egs. (1.3b) and (1.3c),

I I S
=g L] (4

where X(— ) is tabulated for 0O u < 1in [11, Table L.14, p. 337]. (The title of this
table incorrectly states that X(u) is tabulated.) The function W(u) is smooth and
well approximated by the polynomial

W(u) =0.956u + 1.565u2, (1.5a)
where
sup | W(u)— W(n)| =0.0035. (1.5b)
LES7E S}

Equation (1.3a) is the standard diffusion approximation to the transport equa-
tion. The boundary conditions (1.3b) and (1.3c) can be understood heuristically as
follows. As ¢ -0, the incident flux f(u) at u=0 “sees” a slab of infinitely large
optical thickness, with infinitesimally small absorption and sources. In other words,
it sees, in standard neutronics terminology, a “c= 1" half space. (In our notation,
the “scattering ratio” c is given by c=1—¢%0 /o, and is asymptotically close to
unity.) Thus, a few mean free paths to the right of x =0, the angular flux behaves
as the solution of the ¢ =1 half-space problem, i.e., as the isotropic constant given
by the right side of Eq. (1.3b). Similarly, the incident flux g(u) at x =L “sees” the
¢ =1 half space x < L, so the angular flux, a few mean free paths to the left of x=L,
tends to the isotropic constant given by the right side of Eq. (1.3c).

In [1], the asymptotic expansion which leads from (1.1a) to (1.2) and (1.3a) is
applied to the discretized version of the transport equation (1.1a) on a fixed spatial
mesh. (In this earlier work, the boundary conditions (1.1b) and (1.lc) are not
treated.) We note that as ¢ — 0, each spatial cell becomes infinitely many mean free
paths thick. If the asymptotic solution of this discretized equation converges as
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¢ — 0 to the solution of a stable and consistently discretized version of the diffusion
equation (1.3a), then the transport differencing scheme is said in [1] to possess the
“thick” diffusion limit, and the use of this transport differencing scheme on optically
thick meshes is partially justified. The numerical result in [1], however, show that
schemes possessing this thick diffusion limit do not always produce accurate
solutions in thick diffusive problems. The extra condition which a differencing
scheme must satisfy to guarantee an accurate numerical transport solution is for it
to resolve, with a suitably fine spatial mesh, the transport boundary layers at
exterior boundaries, where anisotropic incident fluxes may enter the system, and at
interior boundaries between media with different material cross sections. In prac-
tice, computer storage limitations frequently do not allow the use of an optically
thin spatial mesh, both throughout a system and in the vicinity of boundary layers.
This is particularly true in multidimensional geometries. Therefore, the analysis in
[1] does not fully apply to the “coarse mesh” discretizations frequently used for
electron and photon transport problems because it does not assess the accuracy
of a transport differencing scheme on a spatial mesh containing a numerically
unresolved boundary layer. In this article, we extend the method in [1] to this type
of problem.

To be specific, we consider the asymptotic expansion applied to the full problem
(1.1), with the boundary conditions. We apply this expansion to the full discretized
problem with a fixed spatial mesh, obtaining as ¢ -0 a set of equations for the
unknowns in the discretization scheme. Again, in this limit, each spatial cell in the
problem becomes infinitely many mean free paths thick. Away from x=0 and
x = L, these equations either are or are not a stable and consistent discretization of
the diffusion equation (1.3a); if they are, then the first necessary condition for the
differencing scheme to be accurate for thick cells is met. For the cells adjoining
x =0 and x = L, these equations take the form of boundary conditions which either
do or do not closely approximate Egs. (1.3b) and (1.3c); if they do, then the second
necessary condition for the differencing scheme to be accurate for thick cells is met.
The third and final condition for accuracy is that the transport spatial mesh be
sufficiently fine that the discretized diffusion problem (1.3), resulting from the
asymptotic expansion of the discretized transport problem (1.1), is adequately
resolved on this mesh.

In this article we discuss in detail the diamond difference (DD) and linear
discontinuous (LD) spatial differencing schemes [2,12,13] for the standard
discrete ordinates equations. (We also consider simple generalizations of the LD
method and include a brief discussion of a “new” method described in [1].) Our
conclusions are as follows:

(1) Although the cell-average DD fluxes possess the thick diffusion limit, the
cell-edge fluxes do not (this was shown in [1]), and both can be quite inaccurate
if either of the incident boundary fluxes is anisotropic.

(2) Although the “new” method in [1] has cell-edge and cell-average fluxes
which possess the thick diffusion limit (this was derived in [1]), the boundary
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conditions for this diffusion equation become unbounded as £ — 0 if either of the
boundary fluxes is anisotropic. This explains the disastrous performance of this
method in problem 4 of [1].

(3) The LD methods have cell-edge and cell-average fluxes which possess the
thick diffusion limit, and these methods are surprisingly accurate for problems with
anisotropic boundary fluxes.

(4) Among the differencing schemes considered here and in [1], the LD
methods are the most accurate for optically thick cells with unresolved boundary
layers. In fact, these methods are sufficiently accurate that they should be adequate
for many practical applications.

A summary of the remainder of this article follows. In Section II we analyze the
DD method; this was incompletely done in [1]. In Section III we summarized our
results for the “new” method described in [1], and in Section IV we analyze the LD
method. In Section V we consider numerical accuracy on the system boundaries,
and in Section VI we present numerical calculations that demonstrate the validity
of our theory. We conclude with a discussion in Section VII.

II. THE DiAMOND DIFFERENCE METHOD

The DD method is partially treated in [1]. To fully analyze this method, we
consider [1, 2] the discrete ordinates, diamond-differenced form of problem (1, 1):

m O ar £Q;
R A (M LD WA SNCIE
J
1
'//mj=§(¢m,j+1/2+¢m.j—1/2), (2-1b)
'/’m, 1/2=fm’ .um>0’ (2'10)
l//m,l+1/2=gm’ .um<0' (21d)

In these equations, we use any standard symmetric quadrature set {y,,, w,,} of even
order N, satisfying

13

£ El

0
1, (2.2)
2

<

b4

N
Y (w)w,=

X A
Il

WHN

We choose a spatial mesh such that the jth cell, for 1</<J, is defined by
j 1/2<x< '+ 172 With h =X; G127 j ,/2——0611 WIdth X; —(xj+1/2+ 1/2)/2—
cell center, x,/z-—O and x, +1/2—L Also, integer +1 subscrlpts refer to cell-edge
quantities, and integer subscripts refer to cell-average quantities.
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To perform the asymptotic analysis, we introduce the ansatz

ur 3 Y (23)

k=0

for both the cell-edge fluxes y,, ;. and cell-average fluxes ¥, into Egs. (2.1),

equate the coefficients of ¢!, ¢° and &', and then solve the resulting system of

equations.
The sole O(¢ ') equation is

o (V-3 Zw“” ") =0, )

which has the isotropic solution

v =14, (2.5)

where ¢(” is, at this point, undetermined.
The four O(c°) equations are

1 1
§¢J('0)=§ ('//53,)”1/2'*"“3,)1_1/2), (2.6a)

UT,('//(”—" z ‘//(1) >= —%_ﬂ(l//fr(:),)ju/z“‘//fz)j_uz), (2.6b)
J

‘/’m 1/2_fma ,um>0a (26C)
Y 12 =8 Mm <0, (2.6d)

which have been written in the order in which they will be solved. To treat the first
of these equations, let us make the following definitions:

1((3}-)1/2_ Z 3l‘tnlpn j+1/2wn’ (27)
r’m,j+1/252l//m,j+1/2_¢]('(-)e—)1/2' (2.8)

The first of these is somewhat curious, but it will be justified in what follows. These
two definitions imply that

Bl +12Wm =0, (29)
1

ﬁ[\’]z

and that Eq. (2.6a) can be written

¢ =3B 12+ 80 )+ 3 NS ) (2.10)
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Multiplying this last equation by u2 w,,, summing over m, and using Eq. (2.9), we
obtain

80 =382 1+ 6,2 1), (2.11)

and thus
0=15 s 12+ M0 120 (2.12)

implying
1= (=1 2. (2.13)

Thus, Egs. (2.8) and (2.9) can be rewritten as
Viivip= z[¢,‘-"+’1/2+(~1)j'153’], (2.14)
0= Z winQw,. (2.15)
m=1
Now, introducing Eq. (2.14) into (2.6b), we get
12 u
on (V-3 T 08w, )= 52 42— 40 2= 1T 216

Multiplying this equation by w,, and summing over m, the left side vanishes, and
we obtain the following solvability condition, which must hold for a solution of
Eq. (2.16) to exist:

0= Z U1 OW,,. (2.17)

m=1

Requiring this condition to hold, we find the general solution of Eq. (2.16) to be

\/’2}-—%‘” o o =82t A=Y ) (2.18)

where ¢{!) is, at this point, undetermined.
Next, we introduce Eq. (2.14) into Eqgs. (2.6c) and (2.6d), yielding

¢ R +n0 =21,  Wn>0, (2.192)
o)+ (—1)Y 0 =2g,, . <0. (2.19b)
These two equations imply:
2fm_¢(1(/);7 ﬂm>0’
Eg);—{(__l J 2 _ 4(0) <0 (220)
) (28, I+l/2), Mo .
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Introducing this result into Eqs. (2.15) and (2.17), we obtain two equations for the
two unknowns ¢{% and ¢%)  ,. Solving for these unknowns, we obtain

1 U 3
390= % (524342 ) fuwn

Hm >0
3
w17 T (Ll di) g, (221)
Um <0
1 (lu | >
589 12= =5 i | B W
2 J+1/2 #mz<0 ,y 2
3
F(-1) ¥ (—"y—ﬂ+5ui,>fmwm, (221b)
#m>0

where the constant y is defined by

y=2 Y ppw,~L (2.22)

#m>0

To proceed, we must consider the O(¢') equations. However, we only need the
O(e") part of Egs. (2.1a) and (2.1b):

Ko
O'Tj(‘l’gj) Z ‘/’(2) )=‘—h‘_(¢£rlz,)j+1/2— “1 1/2)
J
1 0)
+§(_0Aj¢j +0)) (2.23)
l//m""(‘/’53.),4(1/2""”:,)1_1/2)- (2.24)

Multiplying Eq. (2.23) by w,, and summing over m, the left side vanishes, and we
obtain

0= 9 =hi(—0 467 +0Q,)), (2.25)
where
3L = Z B s 12 Wi (2.26)
m=1

Summing Eq. (2.25) over the jth and (j+ 1)th cells, we obtain

1) 1y 0
'9,(4-3/2 '9, 12= — (04 j+lhj+l¢j+l+a/4j ,¢( )

+(h; 10501+ h;Q)). (2.27)
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Similarly, Eqgs. (2.24), (2.18), and (2.9) imply

N
1
‘9}:3/2 ‘91“ 1/2“2 Z um(lllirlx,)j+l w(l))wm
m=1

2
= ——_(¢(0)3z*¢(~0)12)
30Tj+lhj+l A sy

(62 12— 8,210)- (2.28)

3aTjh

These two equations hold for any “interior” value of j, 2 < j<J— 1. Equating their
right sides, we obtain

1

3074141

(0) — 40
(¢,+3/2 /+1/2) 3‘77']}1, i+ 1/2 ¢,;1/2)

1
+Z L0410 1(¢,"(-)+)3/2 + ¢(0)1/2) + O'A,jhj(¢,(-(3,)1/z + ¢,(03 12)]

1 :
=§U’j+1Qj+1+thj), 28/ -1 (2.29)
We can now summarize our results. To leading order, the cell-average angular
fluxes are given by Egs. (2.5) and (2.11):

l/’mj= 4l(¢j('(21/2 + ¢1(03 1/2) + O(e), (2.30)
and the cell-edge fluxes by Eq. (2.14),
'//m,j+l/2=%[¢]('(-)f-)1/2+( 1Y Q1+ Oe), (231)

where ¢(9), , are determined by Eqs. (2.21) and (2.29), and () by Eq. (2.20).
It is clear that Eq. (2.29) is a stable and consistently discretized version of the
diffusion equation (1.3a). Therefore, the cell-average fluxes have the thick diffusion
limit, whereas the cell-edge fluxes generally do not, unless 1 =0.
If we now ask whether the boundary conditions (2.21) closely approximate
Egs. (1.3), the answer is that they do not, unless (see Eq. (1.5)) f,, and g, happen

to satisfy

ﬂm 3 Iuml

0= ¥ (2430 fuwn= T (~E2lediz) ewn @3
;4”.2>0 b 2 ﬂmz<0 4 2

These conditions hold if f,, and g,, are isotropic, but they do not hold in general.

Also, we note that for arbitrary problems, the boundary conditions (2.21) depend

on whether there is an even or an odd number J of spatial cells in the system!

Moreover, the variation on the left boundary (for odd or even J) is due solely to
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an anisotropic incident boundary flux on the right boundary, and the variation (for
odd or even J) on the right boundary is due solely to an anisotropic incident
boundary flux on the left boundary. Equally interesting is that fact that if the (—1)”
terms in Eqgs. (2.21) were not present, then by Egs. (1.3) and (1.5), we would have
an excellent representation of the correct boundary conditions (1.3). However, this
is a moot point because these (—1)’ terms in fact are present.

The definition (2.7) seems, at first glance, to be a bit arbitrary; the more obvious
choice would be

N
0 0
j('+)1/2= Z ‘/’i:,}ﬂ/zwn- (2.33)

n=1

One can in fact implement our analysis with this (or any other) definition of ¢{, ,,
but the resulting algebraic details actually become considerably more complicated,
and the results, in the end, are identical with those derived above. We have opted
in this article to use the non-obvious definition (2.7) because it leads to the simplest
analysis.

In conclusion, the DD cell-average fluxes are determined by a discretized version
of the correct diffusion equation. However, the boundary conditions for this
equation are generally incorrect if the boundary fluxes are anisotropic. Moreover,
these incorrect boundary conditions vary, depending on whether the system has an
odd or an even number of cells.

III. THE “New” METHOD

In [1], a “new” differencing scheme is discussed for which, unlike the DD
method, the cell-edge and cell-average fluxes both have the optically thick diffusion
limit. However, in problem 4 of [1], consisting of a normally incident flux on a slab
with optically thick spatial cells, this method yields a solution with an extremely
large (and inaccurate) amplitude. We have applied our full asymptotic analysis to
this problem. The details of this analysis will not be described here, but the main
results are as follows. If either of the incident boundary fluxes is anisotropic, then
the ansatz (2.3) for the cell-average and cell-edge fluxes does rot lead to a consistent
asymptotic solution, whereas the more general ansatz

oQ

Y 2 Y (3.1)
k= —1
does. The difference between Egs. (2.3) and (3.1) is that in Eq. (3.1), ¥,, = o as
¢—0, and indeed, this is consistent with the numerical results reported in
problem 4 of [1].
This analysis shows that although the cell-edge and cell-average fluxes generated
by the “new” scheme do satisfy the correct diffusion equation in the optically thick,
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diffusive limit, the scheme interacts with unresolved transport boundary layers so
poorly that the boundary conditions for the diffusion solution are extremely
inaccurate. Clearly, the “new” scheme is not suitable for general, optically thick
problems. (Modifications in this scheme, however, have been devised which correct
some of these deficiencies [14, 15].)

The results in this and the previous section emphasize the main theme of this
article: to obtain accurate transport solutions on optically thick and diffusive cells,
a differencing scheme must have the optically thick diffusion limit and the boundary
conditions to go with this diffusion equation must be accurate. In the next section,
we consider LD schemes, for which both these conditions are met.

IV. LINEAR DISCONTINUOUS METHODS
The LD methods which we now consider are derived from finite-element
considerations. On the jth spatial cell, let us define the cell-average flux v, and
cell-average “slope” ¥ ,,; by

1 rxi+in2

Yo =1 ¥ om(x) dx, (4.1a)
hj Xj—1/2
- :1_16]'; f/ﬂ (x = x;) Y m(x) dx. (4.1b)

Then, if y,,(x) is nearly a linear function of x across the cell, we have

Inl) U2 (=) Dy x5 <2 (410)

J

Likewise, we shall define constants Q; and Q, in terms of the known source Q(x):

1 px+12
= (x) dx, 4.2a)
o=y LH/ZQ ) (
a 6 X+
0= ] " (x—x)Q(x)dx, (4.2b)
j Y Xi-12

and we have (approximately)

Q(x)~ Q,+% (x—x,) 0, x—x;| <h;/2. (4.2c)
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The LD discretizations of problem (1.1) are now given by:

Hm g
a W js12=Vmj—12) + = Yoy
i &

gr
= ( . SG'A]) Z l/’n n ’ (433)
. Or -
'071; (¢m,j+ 12t ‘/’m,;- 12 2¢mj) + “61 lpmj
o | QLA eQ;
=(—6-;Z—go,,j> §n§1 v,w +—2—1, (4.3b)
lpmjil/;mjzl//m,jilﬂ’ #m<0 (4'30)
l//m, 1/2=fm’ #m>0’ (43d)
l/lm J+1/2 = &m> ”m<0 (433)

Equation (4.3a) is obtained by integrating the discrete ordinates form of Eq. (1.1a)
over the jth cell. Equation (4.3b) is obtained by multiplying the discrete-ordinates
form of Eq. (1.1a) by x — x,, integrating over the jth cell, and setting 8 = 4. It turns
out to be useful, however, to consider other values of 6, so in our analysis we shall
allow 0 to be a free parameter [16]. Within the context of the discrete-ordinates
approximation, Egs. (4.3a) and (4.3b), with =}, are exact. Equation (4.3c), which
Is not exact, is obtained by applying Eq. (4.Ic) at x=x,,,, for u, >0, and at
x=X;_y, for p,<0. Finally, Egs. (4.3d) and (4.3¢) are obtained directly from
Eqgs. (1.1b} and (1.1c).

The asymptotic analysis of problem (4.3) proceeds just as in Section II. Thus, we
introduce the ansatz (2.3) for the cell average fluxes and slopes and the cell edge
fluxes into Egs. (4.3), equate the coefficients of ¢!, ¢°, and &', and solve the
resulting system of equations.

The two O(e ') equations are

1 N
o (V=3 T Wwa) =0, (44a)
n=1
N -~
o1 (.//“” Y cp;?)wn) =0. (4.4b)
n =1
These equations have the isotropic solutions
Y =130, (4.5a)
g =1 ,“”, (4.5b)

where ¢ and () are, at this point, undetermined.

581/83/1-15
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The O(£°) equations can be written

.
0'Tj< y)— Z Yiow )=*—h—_('//£3)j+1/2 Voni- i) (4.6a)
J

Hom
ﬁ(W“ wa )=~%1M%+W+M%ﬁm—¢%, (4.6b)
J

Sons Jj=0, U, >0
© HoO+ ), 1<y, Hm >0, (4.6¢)
mj+l/2 gm’ ]=J, ﬂm<0, .
Y, -9, 0<j<I-1,  p,<O0.

Multiplying Egs. (4.6a) and (4.6b) by w,, and summing over m, we find that the left
sides vanish, and the right sides yield the solvability conditions

N
Z mj+1/2wma Ogjs-]; (4.7)

which must be satisfied for a solution of Egs. (4.6) to exist. Introducing Egs. (4.6c)
into (4.7), we easily obtain

.4
$O =80 == tnfruWems (4.8a)
Hm >0
pO+4 =90 49,  1<j<I-1, (4.8b)
a4
¢.(IO)+¢.(IO)=_ Z I.uml EmWp- (48C)
P <0

If we make the definitions

$iA=01"— 4, (4.92)
¢(0)1 ) _¢(0)+¢(0)_¢(0) ¢(0) , 1€jgJ~1, (4.9b)
i+ 1/ j+1
0 =0+ O, (4.9¢c)

then Egs. (4.8) imply

(192)__ Z ﬂmfm Wons (4103)

m>0

1 .
60 =581+ 8210) 1<, (4.10b)
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JUNE| .
¢J<_m=5(¢,‘.°31/2 90 1)<, (4.10c)
4
8% 1n== 2 tml &nWoms (4.10d)
#m<0

and Egs. (4.6c) can be written

fm’ ]=0, um>0’

1<, U >0

] _ SRV m )
m)j+1/2'— ¢;+1/2a {O<j<J~ 1, 4, <0, (4.11)

Em>s J=J9 [lm<0,

where ¢ and ¢}, are given by Egs. (4.10a) and (4.10d). The general solution
of Eq. (4.6a) is now

i

M .
'“:,)j 2¢“) or (W$)1+1/2 53,);'—1/2)’ 1<j</, (4.12)

where ¢ is, at this point, undetermined.

To determine the remaining ¢!, ,, we must consider the O(e') equations. The
two of these which we will need are:

on (W55 X viw.)

n—l

. 1
= W V) 45 (-t 4 ) (4.132)

o1 (,/,(2) Z v 2w, )

n—l

('l'm1+1/2+‘/’m/ 1/2“‘2¢(1))+ (0,60 +0). (4.13b)

The solvability conditions for these equations are
‘9}21/2"'9,(")1/2=h'(—0'/1j¢(-0)+Qj), (4.14a)
8+ =2 Z oW o) W + OB, (— aAj¢‘°’ +0)), (4.14b)

where § is defined by Eq. (2.26). Adding Eq. (4.14a) over the jth and (j+ 1)th cells,

and subtracting Eq. (4.14b) over these same two cells, we obtain two expressions
for §{1,,— 3¢V, ,. We equate these two expressions and get
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N
Z ,um(‘//g,)j+1 - l/’fy{j)) W,
m=1

1 - -
#5000ty 82— 08%) + 0.9+ 04)]

1 A A .
=§[hj+1(Qj+1—OQj+l)+hj(Qj+0Qj)]’ 1<jg<J -1

(4.15)

Now we combine this with Egs. (4.10)}-(4.12) and (3.22). To describe the results, let

us first define @, ,,, to be the solution of the diffusion problem
1

1
_m (Pir3p—Pio1p) 77— (D1 — P 112)

30 ;h

J
1
+Z {O'A,j+1hj+1[(1 "9) ¢j+3/2+ (1 +H) ¢j+1/2]

+ aAjhj[(l +0) ¢j+1/2 +(1-0) dsjf 1/2]}

1 A 4 .
=§[hj+l(Qj+l—HQj+l)+hj(Qj+0Qj)], 1<jsJ-1,
t 3 {
zPp= Z (‘u3+~un>fnwn,
5 Pin Z.\2 ;
1 3 1
3%sr12= L (—#i+-lunl> 8nWa-
7 P 22 .
Then ¢'%, , is defined in terms of &, ;,, and Egs. (4.10) by:
4 .
- Z .unfnwna .]20’
yﬂn>0
=4 P I<j<J-1,
4 .
- z “‘n' EnWns ]=J
<0

(4.16a)

(4.16b)

(4.16¢)

(4.17)

Finally, using Egs. (4.5a), (4.10b), and (4.11), we obtain the following expressions

for the cell-edge and cell-average angular fluxes:

T S j=0, u,>0
2 .
:); Z l’tnfnwn’ j=0’ Hm<0
Hn>0
1 .
Qpm,j+l/2= —¢j+1/23 ISJSJ—I +0(8),
2

2 )
=Y )l gaWa,  J=J, p4,>0

#n <0

| gma j=J, pm<0

(4.18)
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(1 1 . )
‘*pyr+‘ }: B SuWas j=1
4 .yﬂn>0
1
¢mj=< 7@t @) 2<j<J—1 >+0(s). (4.19)
lq) +1 Y ual j=J
k4 J—172 ')’“”<0 Hnl 8nWa, .]_ )

Therefore, for all but the cells adjoining the two boundaries, the cell-edge and
cell-average fluxes are completely determined by the problem (4.16). Equa-
tion (4.16a) is a stable and consistently differenced version of the diffusion equation
(1.3a), and Eqgs. (4.16b) and (4.16c) are very accurate representations of the
diffusion boundary conditions (1.3b) and (1.3c) (see Egs.(1.5)). In fact, if we
consider a high-order quadrature set, for which y= 1, then the weight function
W(u) in Egs. (4.16b) and (4.16¢),

Wn)=3u>+p, (4.20)
satisfies
sup |W(u)— W(u)| =0.018. (4.21)
O<sux<l1

Therefore, the numerical solution in all but the two outermost cells adjoining the
boundaries is determined by a stable and consistent discretization of the correct
diffusion equation, and even though no effort has been made to resolve the
boundary layers, the numerical diffusion boundary conditions very closely agree
with the analytic diffusion boundary conditions.

The parameter 6 appears in Eq. (4.16a), but not in (4.16b) or (4.16¢c). Although
the standard value, 8 =1, arises as a natural consequence of the finite element
procedure, the choice # =1 appears to be better for optically thick cells because it
causes the absorption terms to collapse to a one-point rather than a three-point
representation, making Eq. (4.16) more robust. We recommended the choice 8 =1
for optically thick cells.

We now turn our attention to the two cells adjoining the outer boundaries of the
system. In these cells, the outermost cell-edge fluxes [, 1, and ¥, ,, ] are, to
leading order, unaffected by the diffusion problem (4.16), and the cell average fluxes
[¢,.: and ¥, ,] are partly affected by this problem. We can estimate y,, , and
¥, ; by arguing that since

b,,=®,+ O(ch), (4.22a)
D,_1p=P, 12+ O(ch), (4.22b)

then, by Egs. (4.16) and (4.19),
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Ui = 2. (§ﬂ5+;un)fnwn+0(oh)+O(s), (4.23a)
Un>0 y

V= ). (%uﬁzilunl)gnwn+0(ah)+0(e). (4.23b)
Un <O y

The weight function in these formulas, for high-order quadrature sets,
W(w) =31+ 34, (4.24)
satisfies

sup |W(un)— W(u)| = 0.268. (4.25)

ogpus<t

Therefore, the cell-average fluxes in the two outermost “boundary” cells can have
significantly larger errors than the corresponding fluxes in the “interior” cells. The
LD solutions behave in a quantitatively different manner in the boundary cells
because of the unresolved boundary layers in these cells at x=0 and L. It is quite
surprising that the LD solutions are so accurate in the interior cells, because these
“see” information from the boundaries only as it is passed through the two
(relatively inaccurate) boundary cells. Nevertheless, the numerical results that we
have observed are in complete agreement with our theory.

V. ACCURACY ON SYSTEM BOUNDARIES

In the previous sections we have determined the asymptotic limit of discretized
versions of the transport problem (1.1) and have shown that, to varying degrees of
accuracy, one obtains discretized versions of the diffusion problem (1.2) in the
interior of the system. In this section we compare the analytical and numerical
transport results as ¢ — 0 on the outer boundaries of the system, at the points x =0
and L, where the diffusion solution (1.3) is not valid.

As & — 0, the analytic solution of problem (1.1) satisfies [9-11], at x=0, and L,

1t 1
S| v wdu=| 2w S di (5.12)
1 ¢t 0
S| wLwde=] Z(-p gw dn (5.1b)
where
1 o1 -1
2 =5l =) &2

Equations (5.1a) and (5.1b) result from the fact that, to leading order, y(0, ) for
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pu <0 is the flux exiting a ¢ =1 right half space (x = 0) with incident flux f{u), and
Y(L, u) for p>0 is the flux exiting a ¢ =1 left half space (x < L) with incident flux
g(p). The function Z(u) is smooth and well-approximated by the polynomial

Z(u)=0.5174 + 0.954, (5.3a)
where
sup |Z(p)— Z(u)| =0.017. (5.3b)
O<u<l1

For the DD method, we obtain from Egs. (2.14), (2.20), and (2.21), that the
angular fluxes exiting the system are highly anisotropic (i.e., distorted), and

lpm, 1/2 wm
1

N =
3
1 M=

= T (5452 ot -1 T (5-2) gm0, (540

#m >0 H#m <0

N
Z l»bm,.l+l/2wm
m=1

PO =

=X ( '”"") EaWm+ (=1 Y (%—%’"—)fmwm+0(s). (5.4b)

<0 K> 0

For the LD method, we obtain from Eq. (4.18) that the angular fluxes exiting the
system are isotropic, and

g 1 fhm
3 & Vo= 3 (5+52) o+ 00 (558)
m=1 #,>0
1 N
3 Z Y s+ 12Wm = 2 (24—[“;") gmWm+ O(e). (5.5b)
m=1 Hm<0

For a higher-order quadrature set, y ~ 1, and the weight function Z(y) in Egs. (5.5),
Z(p)=3%+u, (5.6a)
is a good approximation to Z(u), satisfying

sup |Z(p)— Z(u)| =0.045. (5.6b)

O<uxl

Therefore, the DD angular fluxes exiting the slab are highly distorted, the
corresponding scalar fluxes at the system boundaries can be very inaccurate, and
both generally will vary, depending on whether the system contains an even or odd
number of cells. In contrast, the LD exiting angular fluxes are smooth, and the
corresponding scalar fluxes at the system boundaries are quite accurate.
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VI. NUMERICAL RESULTS

In this section we shall consider two slab-geometry transport problems that
illustrate the theory developed above. The first problem is defined by:

2 (x)
= s 1)+ 0 () i, ) = 2("[1 Vix W) dit,  O<x<ll, (61a)

Y0, u)=1, u>0, (6.1b)

(11, p)=0, u>0, (6.1c)
2, O0<x<l

UT(X)_{loo, l<x<ll, (6.1d)

0 O<x<1

"S(x)_{wo, l<x<lil. (6.1e)

The dimension of x is cm and of ¢, and o is cm ~'. The system in this problem

thus consists of a two mean-free path purely absorbing slab adjoining a one

thousand mean-free path purely scattering slab. An isotropic incident angular flux
(o )= jsotropic angular
ux yix, p)=¢e ,

using the S, Gauss—Legendre quadrature set and

.1
h={0 , O<x<l, (6.11)

10/N, <x<1],

with various values of N. For N not too large, the scattering region 1 <x < 11 has

0.14

012 |

o

=

(=)
T

o4

(=)

[+3]
T

LEGEND

Cell-Average Scalar Flux
o ©
2 8

Exact
ooz } ¢ DD:N=10
s« DD: N=11
0.00 |+ R
_002 i | 1 | L L J 1 Y e
00 10 20 30 40 50 60 70 80 90 100 110
Pogition

Fic. 1. Problem 1: Exact and DD cell-average scalar fluxes.
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0.14
012
010
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002 |-
0.00
-0.02 |- 4

_0‘04 —l J L b | N 1 ] L l
00 10 20 30 40 650 60 70 80 90 100 110
Position

Cell-Edge Scalar Flux

FiG. 2. Problem 1: Exact and DD cell-edge scalar fluxes.

cells that are optically thick, and the boundary layer at x =1 is not resolved. Away
from the right and left boundaries of the scattering region, the exact angular flux
is nearly isotropic and the spatial variation is nearly linear.

The “exact” (obtained using a very fine spatial mesh) scalar flux and the DD
cell-average scalar fluxes for this problem are shown in Fig. 1, for N=10 and 11.
As predicted by our theory, the N=10 and 11 fluxes vary linearly across the scat-
tering region, and both solutions agree near the boundary layer at x =1, but they
increasingly disagree away from the boundary layer. The results for other even

0.14 T T T T T T T T T T

012 | ° =

o0 | i
»
5‘:_" 0.08 |- s
g
= 008 [ 4
] LEGEND

004 Exact

“*1 o LD: Average

« LD: Edge
0.02 | -
000 1 ] 1 1 ] 1 i1 A 1 1
00 10 20 30 40 50 60 70 80 90 100 110

Position

Fig. 3. Problem 1: Exact and LD scalar fluxes.
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values of N lie nearly on the line drawn through the N =10 points in Fig. 1, and
results for other odd values of N lie nearly on the line drawn through the N =11
points in Fig. 1.

The exact scalar flux and the DD cell-edge scalar fluxes for this problem are
plotted in Fig. 2, again for N=10 and 11. As predicted by our theory, these fluxes
oscillate by substantial amounts around the exact solution.

The exact scalar flux and the LD cell edge and cell-average scalar fluxes for
problem one are plotted in Fig. 3, for N = 10. Other values of N produce essentially
the same results. As predicted by our theory, the LD solution is very accurate,
except in the first cell (containing the unresolved boundary layer) in the purely
scattering region.

Problem two is defined by

0 ar(x) ! N g x)
w0 w4 or () e =22 [y e+ £ 0<x<a0, (620)
ox 2 J 2
(0, u)=0, u>0, (6.2b)
¥ (20, u)=0, ©<0, (6.2¢)
or(x)=100, (6.2d)
90 0<x<10
= ’ 6.
9s(x) {100, 10 < x < 20, (6:2¢)
10 0<x<10
= > 6. f
Q(x) {0, 10 < x < 20. (6.21)
16 T T T T T T = T L
. 4] ' A _
2
= 12} s J
g
,§ 1.0 ,F'ijAnnuAnn e Dp—. A -
® sl ¢ .
& .
£ os|  LEGEND ]
Z Exact 4
1 o4} ° DD:N=10 .
& . DD: N=il e, |
© ooz} HERFE N
0.0 I [} - . | L L I J:
00 20 40 60 80 100 120 140 160 180 200
Position
FiG. 4. Problem 2. Exact and DD cell-average scalar fluxes.
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The system in this problem consists of a 1000 mean free path slab, with absorption
and a flat interior source, adjoining a 1000 mean free path purely scattering slab
with no interior source. The exact solution of this problem is nearly constant, ¢ =1,
in the source region, and it varies nearly linearly from ¢ =1 to ¢ =0 as x increases
from 10 to 20. Although the source region is not “asymptotically diffusive” because
o 4 is not small, the solution of the standard diffusion approximation to the above
problem is, nevertheless, highly accurate. We solved this problem using the Sy
quadrature set and

/N, 1<x<10
h—{ /N, X< (622)

110, 10<x<20

with various values of N.

The exact and DD cell-average scalar fluxes for this problem are plotted in Fig. 4,
for N=10 and 11. Although the DD fluxes are reasonably accurate in the source
region, they are highly inaccurate in the scattering region. As before, results for
other even values of N lie nearly on the line drawn through the N =10 points in
Fig. 4, and results for other odd values of N lie nearly on the line drawn through
the N =11 points in Fig. 4.

The reason for the inaccuracies in these DD results can be seen in Fig. 5, which
contains plots of the exact and the DD cell-edge scalar fluxes. Here we see that the
DD cell-edge fluxes oscillate across the entire problem, and because the edge fluxes
that leave the source region and enter the scattering region are the ones that “drive”
the solution in the scattering region, large errors in these edge fluxes will generate
comparably large errors in both the cell-edge and cell-average fluxes in the
scattering region.

2-0 T R 1 1 1 1 | 1 1
wre o LEGEND
W 181 SR __Exact _
E 14 o DD: N=10 |
[EI s, s DD: N=t1
;—; 12 +
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8 1
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g 08 |
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% 04 . . 4
O o2})
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00 20 40 60 80 100 120 140 160 180 200

Position

FiG. 5. Problem 2. Exact and DD cell-edge scalar fluxes.



234 LARSEN AND MOREL

12 T L T T =T =T T T

10 E(‘
i

0.8

LEGEND
04 Exact ]
o LD: Average
s LD: Edge i

Scalar Flux
o
[e>]

02 |

00 | A | L L i |
00 20 40 60 80 100 120 140 160 180 200

Position

FiG. 6. Problem 2. Exact and LD scalar fluxes.

The exact and the LD cell-edge and cell-average scalar fluxes for this problem are
plotted in Fig. 6, for N = 10. Other values of N produce essentially the same resuits.
As in problem one, the LD solution is very accurate, except for the cell containing
the boundary layer at x =0.

These two examples explicitly demonstrate that for diffusive transport problems
containing optically thick spatial cells and unresolved boundary layers, the DD
cell-edge and cell-average fluxes can have unacceptably large errors, while the LD
cell-edge and cell-average fluxes have errors that are often negligible.

VII. DiscussION

In this article we have developed and tested an asymptotic method for deter-
mining the accuracy of numerical transport solutions for diffusive problems with
optically thick spatial meshes and unresolved boundary layers. Our theory uses
the fact that the analytic transport problem asymptotically tends to an analytic
diffusion problem, by determining whether the discretized transport problem tends
(in the same asymptotic limit) to the correct discretized diffusion problem.

Our results for the DD scheme are mixed; they show:

(a) if the prescribed incident fluxes satisfy Egs. (2.32) (which happens, for
example, if these fluxes are isotropic) then the cell-average fluxes will be accurate;

(b) if the prescribed incident fluxes are isotropic, then the cell-edge fluxes will
be accurate;
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(c) for anisotropic incident boundary fluxes, the DD cell-edge and cell-average
fluxes can be inaccurate, and these inaccuracies will depend on whether the number
of cells in the system is even or odd.

Our results for the LD method are much more encouraging; the LD cell edge
fluxes are very accurate everywhere, and cell average fluxes are very accurate on all
cells except possibly those containing unresolved boundary layers. Moreover, the
bounds on the LD errors which we determined (Egs. (4.21), (4.26), and (5.6b)) are
worst-case estimates that are rarely met in practice.

One of the serious objections to the LD method is that it requires more storage
than the DD method—a factor of two more in one spatial dimension, of three in
two spatial dimensions, and of four in three spatial dimensions. However, this LD
storage penalty is compensated by the need to use a very fine spatial resolution of
boundary layers with the DD method to achieve the accuracy that LD procedures
with totally unresolved boundary layers.

Finally, we have examined another high-order differencing scheme based on a
linear representation of ¥ in each cell—the linear moments method [4, 187, which
is a 1-dimensional version of the linear-linear nodal method [19]; our asymptotic
results are identical to those derived in Section IV for the LD method. It seems
likely, therefore, that only marginal gains in accuracy can be achieved with other
differencing schemes based on a linear representation of Y in a cell, and that to
obtain significantly better results one will have to consider methods based on
quadratic representations. This might be a fruitful avenue for further research.
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